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ABSTRACT: We study static and dynamic properties of polymer brushes of moderate and high grafting densities
using molecular dynamics simulations. The self-consistent-field theory is able to reproduce the observed density
profiles once finite extensibility of the chains is included. A similar approach, using a Langevin-type model to
account for a coupling between the vertical and lateral chain fluctuations, is successfully implemented to explain
the lateral chain fluctuations at moderate-to-high grafting densities. The corresponding fluctuation dynamics in
the direction lateral to the surface is well described by Rouse scaling. The dependence of the dynamics on grafting
density (concentration) is very well described by the dynamic behavior of thermal blobs for the fluctuations in
the direction both perpendicular and parallel to the surface. We find an anisotropic fluctuation dynamics related
with two characteristic dynamic length scales in the both directions. We have further investigated the pulling
forces acting on the polymer bonds. The force acting on the first bond directly connected to the surface is reduced
at higher grafting densities, which is explained with an entropic contribution to the bond tension. A nonvanishing
end-monomer tension is observed at high grafting densities. The integrated force (excess free energy) follows the
prediction of the thermal blob model of the brush.

1. Introduction

Polymers grafted onto solid substrates have important ap-
plications in lubrication, adhesion, colloidal stability, and
biotechnology. The special properties of such polymer
brushes1 are the result of the interplay of chain deformation
(stretching), excluded volume effects (in particular solvent
quality), and additional interactions such as polymer-substrate
interactions (frequently of van der Waals type) and demixing
effects in polymer brushes composed of different species (mixed
brushes).2 The complexity of such a many-body system limits
its theoretical understanding to approaches such as mean-field
solutions, ignoring fluctuation effects of real multichain sys-
tems.3

On the other hand, there is considerable interest in the
dynamical behavior of polymer brushes to better understand
the response to external fields and the nonequilibrium relaxation
processes of brushes out of thermodynamic equilibrium.
The knowledge of local forces acting on the polymer bonds is
important for the control of brushes with high grafting densities.
Moreover, information about the behavior of single grafted
chains within the brush can be of interest for the develop-
ment of composite systems, where functional groups or nano-
particles are attached to the free ends of the chains. Such
questions are suitably addressed by computer simulations.
In particular, molecular dynamics (MD) allows for the inves-
tigation of chain dynamics on realistic time scales. The
neglect of hydrodynamic interactions is likely to deliver a
reasonable approximation in the case of densely grafted
polymers.

In the past, a number of computer simulations of grafted
polymer systems have addressed various questions such as the
scaling behavior of static quantities (brush height, density
profiles, etc.).4,5 For a recent overview, see ref 6. Extensive

Monte Carlo simulations using the bond fluctuation model
have been carried out by Lai, Wittmer, and Binder. Here,
static and dynamic quantities such as the brush profile, last blob
size, monomer fluctuations, and chain expulsion and exchange
have been studied and compared to scaling and self-consistent-
field (SCF) predictions.7-9 Free energy profiles were simulated
by Shaffer.10 MD simulations of various static properties of
brushes at low and moderate grafting densities were carried
out by Murat and Grest.11-13 Murat14 and Bright15 have carried
out MD simulations of tethered chains under confinement.
Brownian dynamics simulations have been applied by Neelov
and Binder.16

In experiments, novel techniques like the living free radical
polymerization have recently enabled researchers to construct
brushes of very high grafting densities.17-19 Since the majority
of publications in the field of computational research had
been focusing on brushes of low and moderate densities, there
is an increasing demand for systematic simulations of high-
density brushes as well. In order to investigate such systems,
in this work we are using MD methods to study the behavior
of grafted polymers up to very dense systems showing
crystallization-like effects. In particular, we focus on quantities
that have not been studied in more detail in previous work
such as the lateral fluctuations of chains and the forces acting
on the chain bonds. We test scaling predictions using, among
other approaches, the semidilute solution model for the polymer
brush. We find that at higher grafting densities monomer
fluctuations are laterally much more confined as compared
to the scaling model, a phenomenon which can be explained
by a coupling effect between the lateral fluctuations and
the stretching of the chains in the direction perpendicular to
the surface. A nonvanishing end-monomer tension, observed
at high grafting densities, is further reducing the lateral mo-
bility of the chain ends. Their dynamics in the brush state is
controlled by “diving” events on a long time scale. This is
of particular importance for novel experiments and ap-
plications, where functional groups or nanoparticles are
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attached to the chain ends. On intermediate time scales, dyna-
mic scaling is well obeyed without corrections of the
monomer friction constant except for very high grafting
densities.

The rest of the work is structured as follows: in section 2,
we briefly describe the simulation method. In section 3.1, a
summary of several static properties of the brushes, including
a comparison with mean-field (SCF) predictions, is presented.
Significant deviations are observed in the case of the vertical
distributions of the end monomers, which are then linked to
the lateral fluctuation behavior of these monomers in section
3.2. In section 3.3, we investigate the diffusion dynamics of
chain ends. In section 3.4, the bond stretching forces and
potentials are analyzed, and our conclusions are given in sec-
tion 4.

2. Methods

As a tool to study polymer brushes, the LAMMPS molecular
dynamics package20 was employed. The polymer chains were
made of coarse-grained bead-spring monomers and end-grafted
to form a 8× 8 grid on a flat surface which defined thex-y
plane of the system. Periodic boundary conditions were applied
in x-y direction, whereas the grafting surface was featuring a
short-range repulsive potential. Throughout the paper, Lennard-
Jones (LJ) units are used, based on the monomer diameterσ )
1, the binding energyε ) 1, and the massm ) 1 (compare
with eq 2). This model is very similar to systems used in earlier
MD studies, e.g., by Grest,13 but the particular set of simulation
parameters was taken from Bright et al.,15 who have also used
LAMMPS as their simulation platform.

The total potential acting on a monomer can be described as
the sum

Here, the first term stands for the pair interaction, a LJ potential
with cutoff at its minimum and a shift such that only repulsive
contributions remained:

whererc ) 21/6σ is the cutoff distance. The second term in eq
1 is a finite extensible nonlinear elastic (FENE) spring potential,
which is creating the connectivity between the monomers. The
FENE potential used in this work is defined as follows:

where the first term is attractive and allows for a maximum
bond length ofR0 ) 1.5σ, whereas the second term, a LJ
potential, contributes a short-range repulsion, which is cut off
at 21/6σ, the minimum of the LJ potential. The spring constant
was chosen to beK ) 30ε/σ2. For uncharged chains, this
parameter set leads to an average bond length oflav ) 0.97σ.14

The last term in eq 1 is the repulsive wall potential

This wall is located atz ) 0, the same height as the grafted
monomers, and the potential was cut off at azc ) σ, with
exception of section 3.4, where we investigate the bond forces
near the wall. Here, the potential was cut at its minimum to
avoid any singularity of the force.

The equation of motion of each nongrafted monomer is given
by the Langevin equation:

wherem ) 1 is the monomer mass,r i is the position of theith
monomer,ú is the friction coefficient, andFi is a random
Gaussian force with the correlation function〈Fi

R Fj
â〉 )

2kBTúδRâδij. Here, the Greek indices denote the spatial com-
ponents of the force,kB is Boltzmann’s constant, andT is the
absolute temperature. For our simulations,T ) 1.2ε was chosen,
a time step of∆t ) 0.0015τ, whereτ ) σ(m/ε)1/2 ) 1 is the LJ
time, and a friction constant ofú ) τ-1, the same set of
simulation parameters as used in earlier MD studies.15

3. Results

The initial brush conformation was set up as an array of
stretched chains. Then, 107 simulation steps were carried out
for relaxation, followed by several 107 simulation steps for data
production. Figure 1 displays a typical brush conformation after
relaxation. It was noticed that the relaxation into static structural
properties, as discussed in section 3.1, took place quite rapidly
within a few million simulation steps. Certain dynamical
properties of the system, like the relaxation of the vertical (z)
component of the radius of gyration, however, as discussed in
section 3.3, displayed rather long autocorrelation times of the
order of 106-107 time steps for theN ) 64 brushes, depending
on grafting density. In the case ofN ) 128, the decay of the
corresponding autocorrelation function took even longer and
required almost 1 order of magnitude more simulation steps.
Consequently, brushes of lengthN ) 128 with very high grafting
densities remained excluded from investigations of sections 3.2
and 3.3, where long relaxation times could otherwise deliver
inaccurate results within feasible simulation times.

3.1. Density Profiles.A simplified model of polymer brushes
was presented by Alexander and de Gennes,21,22where the brush
was regarded as a stretched array of correlation (thermal) blobs,
whose size is given by

Figure 1. Typical brush conformation withN ) 64 monomers and
grafting densityσ ) 0.059. Different colors are used for graphical
reasons and do not have any physical relevance.
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the average distance between neighbored monomers grafted at
density σ. Within the blobs, (nearly) unperturbed excluded
volume conformations are assumed:

whereg denotes the number of monomers contained in a blob
andν is the Flory exponent in 3D. The height of the brush then
equals the number of blobs times their size, and the density
profile is a step function which drops sharply at the surface of
the brush. Later, a more accurate model was developed by
Semenov23 and Milner et al.24 using self-consistent-field (SCF)
arguments. The SCF theory was subsequently extended to cover
high brush densities by Shim et al.25 and Lai et al.26 The
“classical” theory of polymer brushes has been further addressed
by Netz and Schick.27 In this section, some of the structural
properties of the simulated brushes are compared with predic-
tions of the corresponding SCF approximations.

Figure 2 displays the rescaled monomer densities of several
brushes over the rescaledz-coordinate. The plots roughly fall
onto a master curve, which deviates from the simplified step
function of the Alexander model (AM). The standard (Gaussian)
SCF theory by Milner et al., henceforth denoted as SCF (MWC),
predicts a parabolic shape:

whereH ) h/(Nσ(1-ν)/(2ν)) is the rescaled heighth of the brush,
Z ) z/(Nσ(1-ν)/(2ν)) the rescaled vertical coordinate, andw the
third virial coefficient under athermal solvent conditions; this
parameter as well as the rescaled heightH were left as free
parameters when fitting eq 8 to the data (dotted curve). Here
and in the following we use Flory’s valueν ) 3/5 for simplicity
instead of the more exact value (ν ) 0.588), which results in
1/2(3 - 1/ν) = 2/3 (0.65) and (1- ν)/2ν = 1/3 (0.35). The
difference is not essential for the scaling results of those
properties discussed in this paper.

The SCF (MWC) model describes the density distribution
qualitatively, although not perfectly well. In fact, the drop of
monomer density at the surface of the brush is sharper than
predicted by SCF theory but softer than predicted by the AM.
The results are very similar to earlier Monte Carlo studies at
high grafting densities,4 indicating that both simulation tech-
niques (MC and MD) are delivering consistent structural
predictions for these systems.

In previous work it has been argued that deviations from the
SCF profile could be caused by a substantial contribution of
the last blob.6,8,9It should be noted that in the present simulations
we use chains which are, atN ) 128, comparably long. Grest13

has used chains as long asN ) 200 (although at low grafting
densities), but nevertheless deviations from the SCF profile were
considerable and the scaling of the profile displayed systematic
deviations. However, the SCF theory was modified by Shim
and Cates25 to account for the finite extensibility of the chain.
These non-Gaussian corrections to the SCF (MWC) equations
become increasingly important at high grafting densities, where
the chains are overstretched. The resulting equations, which are
henceforth denoted as SCF (SC) equations, have to be evaluated
numerically and contain a parameterγ which we have used as
a free variable to fit the simulation data. The best coincidence
was found with the choiceγ ≈ 7 (Figure 2, solid curve forσ )
0.31). Actually, the value ofγ should be near the topological

dimension of space, i.e.,γ ) 3, but the corresponding curve
did not represent the data very well. Shim et al. have found
similar deviations while making comparisons with lattice
calculations, though toward the other direction. (They foundγ
≈ 1 to fit the data more accurately at high grafting densities.)
In fact, their best value forγ turned out to be a function of the
grafting density, a phenomenon we have observed as well during
the analysis of our simulations. As Shim et al. pointed out, these
shifts are a consequence of the nonuniversality of their strong-
stretching corrections to the Gaussian elastic limit. It therefore
appears adequate to useγ as a free parameter to fit simulation
results.

Figure 3 displays the density profile of the end monomers.
In this case, a rescaling did not create any master curve, a result
also observed in previous Monte Carlo simulations4 at high
grafting densities. The SCF (MWC) theory would predict

which is plotted as a dotted curve and which is qualitatively
different from the observed behavior. During the simulations,
the vertical coordinates of the monomers appear to be more
rigid and are peaking sharply around their average positions.
The inclusion of finite extensibility with the SCF (SC) model
(the sameγ ) 7 parameter was used as was in Figure 2) delivers
a result that comes qualitatively close to the simulations (solid
curve, forσ ) 0.31) but does not describe the data in a fully
quantitative manner. As will be discussed later in this paper,
the chains at high densities experience an additional end-
monomer tension which is further reducing the end-point
fluctuations of the chain.

Figure 4 displays the average vertical coordinate〈zk〉 of the
kth monomer along the chain, rescaled with the corresponding
value of the end monomer. Here, Gaussian SCF (MWC) theory
predicts

For different brush densities, the results do not fall nicely onto
a master curve. As could be expected, lower brush densities
were closer to the SCF prediction, but the high densities
displayed an increasing deviation from Gaussian mean-field
theory.

3.2. Lateral Fluctuations.The litmus test for scaling models
of polymer brushes is the fluctuation behavior of the chains in
the direction parallel to the surface. Here, two competing models
have been suggested: the Alexander model (AM)21 and the
semidilute solution model (SDM).28 Both of them regard the
chain as a string of correlation blobs.29 But the AM assumes
these blobs to be uniformly stretched perpendicular to the
grafting surface, whereas the SDM allows for a free diffusion
of the blobs in lateral direction which is considered to be
decoupled from the extension of the chains in the directed
perpendicular to the surface. This has consequences to the lateral
(horizontal) distributions of monomers with respect to their
grafting points: BeF2 ) 〈(x - xg)2 + (y - yg)2〉 the average
mean-squared lateral fluctuation of the monomer with respect
to the grafting point of the chain (xg, yg). Following the AM,
each monomer is allowed to move freely only inside the tube
formed of the array of correlation blobs, whose size is scaling
asê ∼ σ-1/2, which impliesF2 ∼ σ-1, with no dependence on
the number of monomersN. According to the SDM, the blobs

ê ∼ σ-1/2 (6)

ê ∼ gν (7)

φ(z)

σ(3-1/ν)/2
) π2

8w
(H2 - Z2) Θ(H - Z) (8)

ψ(z)N

σ2/3
) π2

2w
Z(H2 - Z2)1/2Θ(H - Z) (9)

〈zk〉
〈zN〉

) sin(kπ
2N) (10)

Macromolecules, Vol. 40, No. 18, 2007 Static and Dynamic Properties of Polymer Brushes6723



are allowed to carry out a random walk inside the brush. Using
eqs 6 and 7, we obtain

Thus, according to the SDM, the lateral fluctuations are
proportional toN and depend weakly onσ.

As long as only the excluded volume interactions are relevant
andê is much larger than the monomer size, a general scaling
behavior can be expected as follows:

whereF0
2 denotes the value ofF2 for a single chain (mushroom),

i.e., F2(σ ) 0). The result of eq 11 follows from eq 12 if we
requireF2 ∼ N in the limit σ/σ* . 1. In Figure 5, we display
our results for both brushes (N ) 64 andN ) 128) and several
grafting densities in the scaling as suggested by eq 12. For the

overlap concentration we usedσ* ) 1/F0
2. Full scaling is

approached only within the low-density regime rather close to
the overlap threshold. For higher brush densities we observe a
splitting of the curves which is related to a downturn of both
curves from the slope predicted in eq 11 by the SDM.

In Figure 6, we compare our results with the prediction of
eq 11. Here, the lateral mean-squared fluctuations are rescaled
by Nσ-1/6 and plotted againstσ1/3. If the SDM were valid for

Figure 2. Rescaled density distribution plotted vs rescaled distance
from the substrate.N is the number of monomers per chain, andσ is
grafting density. The profiles roughly fall onto the same master curve,
indicating that the corresponding systems were located inside the brush
regime. The dotted curve is the Gaussian SCF prediction (eq 8); the
solid curve includes finite extensibility corrections forσ ) 0.31.

Figure 3. Rescaled end-monomer density distribution plotted vs
rescaledz-coordinate. Brushes of different grafting densities do not
fall onto a master curve, and the Gaussian SCF prediction of eq 9 (dotted
line) is unable to match the data. Finite extensibility corrections deliver
more realistic, although not fully quantitative, predictions (solid curve,
σ ) 0.31).

F2 ∼ N
g

ê2 ∼ Nê2-1/ν ∼ Nσ(1/2ν)-1 ∼ Nσ-1/6 (11)

F2

F0
2

) fF(σ/σ*) (12)

Figure 4. Average vertical coordinate〈zk〉 of thekth monomer along
the chain, rescaled with the corresponding value of the end monomer.
The dashed curve is the SCF prediction (eq 10).

Figure 5. Mean-squared lateral fluctuations of the end monomers,
scaled according to eq 12.

Figure 6. Mean-squared (lateral) fluctuations of the end monomers
reduced by the scaling prediction and plotted againstσ(1-ν)/(2ν). The
result of the freely jointed chain model (Langevin model) is indicated
by the solid curve together with the fit parameter used. The Alexander
model is indicated by the slope of-5/2 in this representation.
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all grafting densities, a straight horizontal line was expected.
Again, this can only be observed for low grafting densities. At
higher grafting densities, the curves bend down following a
behavior which is apparently independent of the overlap density
and depends only on the actual grafting density. Beyond that,
the slope is gradually decreasing to approach the slope predicted
by the AM (dashed line).

These results suggest the SDM to be asymptotically correct
only within a limited regime of moderate brush densities, near
the crossover to the mushroom state. A possible explanation
for the observed drop-down of lateral fluctuations as compared
to the prediction of the SDM could be the finite extensibility
of real chains or more generally a coupling between the lateral
fluctuations and the stretching of the chains in the direction
perpendicular to the surface. For the ideal Gaussian chain,
fluctuations into different spatial directions are decoupled. In
the SDM, such a decoupling of chain statistics according to the
Gaussian model of the coarse-grained (blob chain) is tacitly
assumed. For real chains, however, an extension of the chain
in one direction (z-direction perpendicular to the surface) should
reduce the fluctuations in other directions (x-y plane parallel
to the surface).

In order to investigate this effect in detail, let us assume that
the chain is composed ofn ) N/g segments of lengthê.
Considering this effective chain as a freely jointed chain, we
obtain for the lateral fluctuations

whereL1(x) ) coth(x) - 1/x andL2(x) ) 1 - coth(x)/x + 2/x2

denote Langevin functions (L1
-1 being the inverse ofL1). Using

the scaling relations betweeng, ê andσ, as given in eqs 6 and
7, we obtain

whereA and B are constants which cannot be obtained from
scaling.

The predicted behavior according to eq 14 is plotted as a
solid curve in Figure 6. Here, we used a best fit of the two
parametersA andB to the observed data. Apparently, the finite
extensibility of the chain could in principle explain the devia-
tions of the lateral fluctuation behavior for higher grafting
densities. If the grafting density becomes very high (last two
data forN ) 64 and last data point forN ) 128), the curves
deviate, which can be explained by the failure of the semidilute
blob scaling as assumed in the derivation of eq 14. Here the
blobs become very small, and the bare chain should be
considered rather than the coarse-gained blob chain. These data
for high grafting densities approach the behavior of the AM
which, on the other hand, corresponds to the fully stretched chain
of blobs.

Finally, we note that these results are not changed when
considering a center monomer instead of the end monomer. This
is not surprising since the size of the last blobêl is much smaller
(and independent of chain length) compared with the total lateral
fluctuations as predicted by the SDM.

3.3. Dynamics of Individual Chains.A more detailed view
on the behavior of polymer brushed can be obtained when
investigating the dynamics of individual chains. Again, the SDM
can be applied to obtain a model for the dynamics of the
segmental fluctuations. Our simulations can reveal the true
polymer dynamics on time scales larger than the characteristic
fluctuation time of a coarse-grained segment (which can be

considered to be of the order of the size of a Kuhn segment
here) and without hydrodynamic interactions.

We start with the lateral fluctuation dynamics. Again, when
considering the chain as an ideal chain of blobs, the character-
istic time of the chain’s fluctuations will be the Rouse time,
which is given by

whereτê denotes the characteristic relaxation (or diffusion) time
of the blob of sizeê comprisingg monomers. On the other
hand, without hydrodynamic interaction we have

where we have used the dynamical exponent 2ν + 1 for a
Brownian chain without hydrodynamic interactions and eqs 6
and 7. This leads totR ∼ N2σ-1/6.

In order to test dynamical scaling, we need the characteristic
length scale which is related to the Rouse relaxation time. Let
us call it thecharacteristic dynamic length scale(DLS). For
the lateral fluctuation the DLS should be given by the mean-
squared fluctuations. Therefore, we assume for the dynamic
scaling relation

with F2(t) ) 〈(x(t)) - x(0))2 + (y(t) - y(0))2〉. Here,x(t) and
y(t) denote the actual positions of monomers at timet. In Figure
7, our simulation data are displayed using the dynamic scaling
prediction for the end monomers of the chains. The curves
follow dynamic scaling in a good approximation. However, for
the highest grafting densities, deviations are observed. Here,
also the lateral fluctuations are strongly constrained beyond the
scaling predictions as has been discussed in the previous section.
For high grafting densities, the fluctuations of the monomers
hardly exceed the blob diameter and the dynamic scaling
assumption made above must fail.

Next, we consider the mean-squared displacement of the end
monomers in the direction perpendicular to the surface. In this
case the average extension (brush height) is not the DLS: The
external field (and thus any stretching) is neglected when
estimating the Rouse time in the ideal chain model (and thus in
the coarse-grained blob chain). The Rouse equation in the
effective field approximation has been discussed by Johner and
Joanny.30

The existence of a characteristic length scale larger than the
DLS, namely the brush height, gives rise to a second charac-
teristic time scale longer thantR. Lai et al.5 have suggested a
time scaletH defined as the time required for the autocorrelation
function to drop to a fraction of 1/e ≈ 0.37 of its initial value.
Their Monte Carlo study at theΘ-point suggested aN3

dependence ofτ(Rgz) on chain length and approximatelyσ1.6

dependence on grafting density. A simple argument for this
relation is based of the center-of-mass diffusion constant of the
chain. Assuming this to follow the Rouse behaviorD ∼ 1/N
delivers a characteristic timetH for exploring the full brush
height which is proportional toN in a diffusive process. This
immediately yieldstH ∼ N3, a relation which has been approved
analytically in ref 30.

Table 1 contains our resultstH (column 3), which should be
regarded as being only approximative, since the data generally
displayed a more complex decay rather than just a single

F2 ) nê2{1 - L2[L1
-1((H/ê)/n)]} (13)

F2

Nσ1/(2ν)-1
) B{1 - L2[L1

-1(Aσ(1-ν)/(2ν))]} (14)

tR ) τê(N/g)2 (15)

τê ∼ g2ν+1 ∼ σ-1-1/2ν ∼ σ-11/6 (16)

F2(t)

F0
2

) fF(t/tR) (17)
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negative exponential. They show thattH of the longer brushes
are in fact roughly a factor of 8 larger compared to the shorter
brushes, supporting the claimedN3 dependence. The data also
show thattH initially increases slowly withσ, but very rapidly
at high grafting densities, which indicates a qualitative change
of the system’s relaxation dynamics when crossing over from
semidilute concentrations to the high grafting density regime.

Since the DLS for this process is unknown, we apply dynamic
scaling only on the scale of the correlation blobs. Since the
Rouse time is rather large (and the time scaletH even larger)
there is a broad region fort , tR where no chain length
dependence is expected. Rescaling our data according to〈(z(t)
- z(0))2〉/ê2 and t/τê results in the plot obtained in Figure 8.
This gives a very good mastering of data except for the highest
grafting densities. Since no other assumption than dynamic
scaling of the correlation blobs has been made, our data support
the SDM. Furthermore, the data show that the effective
monomer friction coefficient is not changing for moderate
grafting densities in the absence of hydrodynamic interactions.
Here, MC simulations may display a different behavior.5

The long time dynamics in a brush requires the end of the
chain to “dive” into the brush domain, a process which becomes
increasingly inhibited at high brush densities. For a quantitative

analysis of this process, we define a diving cycle as follows:
Be 〈z〉 the average vertical coordinate of the end monomer. Then,
τ(cycle) is defined as the recurrence time of the end monomer
at 〈z〉 under the condition that the threshold 0.7〈z〉 has been
passed. In other words, the end monomer of the chain has to
dive into the brush and reach a depth of 0.7〈z〉 at least. Upon
its return back to the surface, the cycle time is the time that has
passed since the end monomer had last touched〈z〉 prior to its
dive. The threshold of 0.7〈z〉 is arbitrary, of course, and chosen
in order to collect a sufficient number of diving events at high
grafting densities within feasible simulation times.

Table 1 contains the cycle timeτ(cycle) and the average
number of cyclesN(cycle) per chain and 107 time steps. The
cycle times are increasing roughly linear with the grafting
density. The frequencies of these cycles, however, are dropping
very rapidly, so that the average time for a chain spending in
such a diving cycle is going down. As will be demonstrated in
section 3.4, there exists a nonvanishing end-monomer tension
at high grafting densities. This tension might be imposing an
energy barrier which prevents the chain ends from diving easily
into the brush domain.

The analysis of these diving processes delivers an alternative
point of view to describe the increasing rigidity of the brush at
high grafting densities. It delivers time scales about how long
the end monomer is in contact with either the free solvent or
the concentrated polymer solution of the brush. These times
are of relevance for a novel class of experiments, in which
functional groups or nanoparticles are attached to the chain
ends.

3.4. Chain Energy and Bond Force.Polymer brushes
are usually obtained by forming chemical bonds between
an end group of the chain and (possibly functionalized) sur-
face sites. Knowing the dependence of the bond forces on
the grafting density is important to develop strategies for cre-
ating brushes with high grafting densities. The method of
MD allows to calculate the average vertical forces pulling
on the chains and the corresponding grafting energies.

Figure 7. Squared displacements of the end monomers in lateral direction. Time scales are given in units of MD time steps, and length scales are
given in LJ units.

Table 1. Dynamics of Vertical Brush Fluctuationsa

N σ tH τ(cycle) N(cycle)

64 0.0590 1.1 0.32 10
0.116 1.3 0.61 4.6
0.181 1.8 0.95 2.5
0.321 3.7 2.0 0.85
0.463 10 3.5 0.36

128 0.0787 10 2.4 0.86
0.140 12 4.5 0.35
0.219 16 6.7 0.15
0.315 ≈25 >8 ≈0.06

a σ is the grafting density,tH the relaxation time of thez-component of
the radius of gyration (in 106 time steps),τ(cycle) the average diving cycle
time of the end monomers (in 106 time steps), andN(cycle) the average
number of diving cycles (per chain and 107 time steps).

6726 He et al. Macromolecules, Vol. 40, No. 18, 2007



Here, the lengthr of each bond was analyzed and the
FENE potential eq 3 used to compute the spring force,
yielding

In Figure 9, the vertical (z) component of this force is plotted
for N ) 64 chains as a function of the averagez-coordinates of
the involved monomers. At the top of the brush, the stretching

forces vanish, as long as the grafting density remains moderate.
At high grafting densities, even the end bond displays some
residual stretching as a result of strong pair interactions with
neighbored chains, an observation also reported in refs 27 and
30.

The first bond, connecting the grafted monomer with the first
movable monomer, exhibits particularly high stretching forces.
Interestingly, these were found to be decreasing at higher
grafting densities. In order to investigate this phenomenon in
more detail, different wall potentials were implemented and
simulations at various grafting densities were carried out. Figure
10 shows the resulting averaged stretching forces〈Fz(σ)〉. When

Figure 8. Squared displacements of the end monomers in vertical direction. Time scales are given in units of MD time steps, and length scales are
given in LJ units.

Figure 9. Averaged bond forces along thez-direction forN ) 64 as a function of the distance from the surface.

F ) 〈∇UFENE(r )〉

) 〈-r( KR0
2

r2 - R0
2

+ 4ε

r2[12(σr )12
- 6(σr )6])〉 (18)
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using a reflective wall, no systematic variations of〈Fz(σ)〉 were
visible. Once LJ wall potentials were employed, which were
cut off at their minimum and shifted, such that only a repulsive
contribution remained, the stretching forces displayed a drop
off toward higher densities. The total force was much higher in
the case of the LJ 12-6 potential, which is both harder and of
longer range than the 9-3 potential, but after shifting it by-30
LJ units both curves were on top of each other. It was further
noted that the values became invariant on the chain length once
chains ofN > 8 segments were used, which indicates local
fluctuations to be responsible for this phenomenon.

In fact, the reduction of the first bond length with increasing
density can be explained as an entropic effect: The LJ potentials
of the wall extend into the positivez-direction, and their
repulsive forces impose geometric constraints to the motion of
the second monomer. If we assume that, at a given bond length,
the first bond is restricted to rotate within a cone with a half
angle θ0 above the surface (θ0 ) 0, indicating free rotation
within a half-sphere), then this angle would decrease (i.e., the
entropy would increase) with increasing bond length. This
entropic effect hence leads to an additional contribution to the
first bond force. With increasing grafting density, however, the
mobility gained by entropic overstretching is lost as a result of
steric restrictions imposed by neighbored monomers. This can
be verified using the second moment of the orientation fluctua-
tions:

Here, the angleθ denotes the angle between the bond and the
vertical (z) direction. For an ensemble of free Gaussian chains,
this quantity would be zero, and finite values are indicating a
reduced amount of fluctuations of the bond orientation. In Figure
11, it is plotted for the first bond, using the LJ 9-6 wall
potential. First, one may notice the high value of the second
moment even at lowσsthe restrictions imposed by the repulsive
wall potential. We may estimate this restriction in terms of the
half angleθ0 as

In order to reach the value ofP2 = 0.6, we obtainθ0 = 45°.
With increasing grafting density, the monomer’s mobility

becomes even further restricted due to pair interactions with
neighbored chains, creating the observed increase ofP2. In this
situation, the entropic overstretching of the first bond begins to
diminish, since it would not lead to any increase of the angular
space which is accessible to the second monomer. As a result,
the entropic contribution to the bond force, which, according
to Figure 10, amounts to roughly 3 LJ units, disappears at high
grafting densities, and the bond force is dropping. In the case
of the reflective wall, however, there is no repulsive potential
which would extend into the positive half-sphere, and hence it
does hardly affect the second monomer’s mobility. The above-
discussed entropic contribution to the stretching is therefore
absent, and no dependence of the force on grafting density is
visible.

Although the observed effect is related to the coarse-grained
model (beads and springs), an analogous steric effect may as
well be present in the case of real chains grafted onto a
molecular surface.

The total stretching energy of each chain is obtained by
integrating the force curve in Figure 9. First, we note that the
force calculated is a thermodynamic force including all entropic
(fluctuation) effects. This is obvious when recalling the singular
behavior of the geometrically most constrained first bond. Thus,
the integrated force corresponds to the excess free energyFexe

of the chain compared to the (isotropic) state of the free chain
in the bulk. Since each blob corresponds to a thermal energy
of the order ofkBT, we obtain

In Figure 12, we plot the excess free energy for both chain
lengths (scaled withN) as a function ofσ. The curves fall onto
a master curve and display a sublinear behavior in agreement
with eq 21.

Our observations may point toward an unexpected implica-
tion: It is generally believed that brushes, if grafted to high
densities, become thermodynamically less stable because of the
increased stretch of the chains and, consequently, a high value
of their excess energy. A desorption of the grafted monomer
from its substrate would, however, rather be caused by the peak
value of the force pulling on its bond than the free energy
difference of the entire chain. This may imply that, at high
grafting densities, where the entropic contribution to the bond
force is absent, the brush would become rather stabilized
regardless of the amount of free energy stored in the system.

Figure 10. Forces acting on the bond between the grafted monomer
and the first mobile monomer along thez-direction, using different
models for the wall potential. After removal of a 30 (LJ units) offset
from the LJ 12-6 curve, it falls roughly onto the LJ 9-3 curve.

P2(z) ) 3
2(〈cos2 θ〉 - 1

3) (19)

P2 ) 1
2

sin3(θ0)

1 - sin(θ0)
(20)

Figure 11. Fluctuations of the orientation of the bond between the
grafted monomer and the first mobile monomer for the LJ 9-3 potential
(compare with eq 19).

Fexe∼ N
g

∼ Nσ1/2ν ∼ Nσ5/6 (21)
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In this context it may be interesting to note that experimental
approaches which allow to create covalently attached polymers
at high grafting densities are of the so-called “grafted from”
type, as opposed to the “grafted to” approach.17,18Starting from
an initiator monolayer, the brush is grown layer by layer, and
the grafting density is high at any stage of the process. To create
the dense initiator layer, the Langmuir-Blodgett deposition
technique is used. Here, the monolayer is initially floating in
the solvent and subsequently deposited while passing the
substrate through the film. The first polymer layer is then grown
simultaneously onto the dense initiator layer, and if the grafting
density is high enough to suppress lateral fluctuations of these
monomers, the entropic forces, as discussed in this paragraph,
cannot contribute to the stretching forces pulling at the anchor
point. Using this approach, Devaux et al.17 have achieved a
stretch of 0.7-0.9 (fraction of contour length), which corre-
sponds to the highest brush densities simulated in the present
work.

4. Conclusions

In this work, polymer brushes up to high grafting densities
and of chain lengths (N ) 64 andN ) 128) were investigated
using molecular dynamics simulations. In agreement with
previous simulation studies, the static properties of brushes
deviate from the Gaussian SCF (MWC) model, in particular
with respect to the end-point distribution of chains. The inclusion
of finite extensibility of the chains with the SCF (SC) model
delivers a much better coincidence with the data, but this model
is not fully universal and requires the optimization of a system-
dependent parameter.

On the other hand, using the thermal blob sizeê ∼ 1/σ1/2 as
a basis for a scaling description yields a good agreement with
the simulation results. Here, the fluctuation behavior of the
chains in the direction parallel to the surface is significant for
the model of the brush. We found that at low grafting densities
the random walk scaling and thus decoupling between the
degrees of freedom of the chains in the different spatial
directions remain valid. For higher grafting densities, however,
the lateral fluctuations become increasingly confined. This
observation can, again, be explained by the finite extensibility
of the chains and thus a coupling between the chain statistics
in the different spatial directions. A Langevin model fits the
behavior of the lateral fluctuations fairly well.

The model of correlation blobs can be extended to dynamical
quantities such as the diffusion properties of the monomers in
the brush. We have found a very good agreement of our data
for the mean-square displacement of the end monomers with
the dynamic scaling assumption. Here, the diffusion dynamics

within a correlation blob is assumed to follow the behavior of
excluded volume chains without hydrodynamic interactions.
Appropriate rescaling of time and length scales leads to
mastering of the dynamical data for times shorter than the Rouse
time of the chain. Only for high grafting densities, deviations
from this scaling behavior are found, which could be related to
an increasing monomer friction coefficient as a result of
increasing pair interactions. To obtain the dynamical crossover
scaling for times longer than the Rouse time, a knowledge of
the characteristic dynamic length scale is necessary. In particular,
for the dynamics in the direction perpendicular to the surface,
this length scale does not correspond the chain extension but is
much smaller. Stretching of chains in this direction creates a
second characteristic time scale which scales like the third power
of the chain length as already proposed by several authors. We
find our data for the autocorrelation function of the vertical
component of the radius of gyration to be in agreement with
this prediction.

The stretching of chains inside the brush regime can be
monitored using the forces acting on the bonds inz-direction
(Figure 9) and the corresponding total bond energies (Figure
12). The latter are scaling with the chain lengthN and
sublinearly with the grafting density. For high grafting densities,
a nonvanishing end-chain tension is observed. The forces pulling
on the first bonds are particularly strong, but dropping with
increasing grafting density as a result of a reduced entropic
contribution to the chain energy. The reason for this result can
be related to the specific geometric constraints which are
experienced by the first bead near the surface. Stretching the
bond creates a larger available solid angle for bond fluctuations.
On the other hand, at higher concentrations, the pressure exerted
by the other monomers reduces the available bond angle and
also the stretching of the first bond. Although this effect is
related to the coarse-grained model (beads and springs), an
analogous steric effect should be expected for real chains as
well. This suggests that, in contrast to common believe, brushes
may become increasingly stable at high grafting densities.
Moreover, the force distribution shows a plateau-like behavior
for higher grafting densities.
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